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Neumann spectral problem

Main problem :

Lower estimates of the first non-trivial Neumann eigenvalues of the
p-Laplace operator, 1 < p < 00 :

Apu = —div(|Vu(x)|P2Vu(x)), xe€Q,

in bounded simply connected domains Q ¢ R2.



Neumann spectral problem

The classical Neumann spectral problem for Apu :

ou — on 99.

{—div(|VU|p_2Vu)zup|u|p_2u in Q
on

The weak statement of this spectral problem : u € W,} (2) solves the
previous problem iff

/(\Vu(x)\p‘ZVu(x) -Vv(x))dx = up/ lu(x)[P~2u(x)v(x) dx
Q Q

for all v e W} ().



Neumann spectral problem

By the Min—Max Principle the first non-trivial Neumann eigenvalue of
the p-Laplace operator 11(2) can be characterized as

M(Q):min{m cue Wy (Q))\ {0}, /|u|p2udx:0}.
Q

Moreover, m(Q)*% is equal to the best constant B, ,(2) in the
p-Poincaré-Sobolev inequality

int [|u— ¢ | Lo(Q)| < Bop(IVU[ (], u € W5(Q).



Neumann spectral problem

The Sobolev space WF‘,(Q), 1 < p < o0, is defined as a Banach space
of locally integrable weakly differentiable functions f: Q@ — R
equipped with the following norm :

1| W@ =(/|f(x)|de)2’+(/|Vf(x)|ﬂdx)2’.
Q Q



Neumann spectral problem

If p = 2, then the classical upper estimate for the first non-trivial
Neumann eigenvalue of the Laplace operator states that :

11() < pr(2°),
where Q* is a ball of the same volume as Q.

The classical result by L. E. Payne and H. F. Weinberger (1960) for
the Laplace operator states that in convex domains Q Cc R"”, n > 2,

2

1(Q) > ﬁ

where d(Q2) is a diameter of a convex domain €.



Neumann spectral problem

In 2013 it was proved (L. Esposito, C. Nitsch, C. Trombetti) that if
Q c R"is a bounded convex domain having diameter d then for p > 2

where

dt o (- 1)
(1—t/(p—1))p psin(r/p)’




Neumann spectral problem

In non-convex domains the first non-trivial Neumann eigenvalues can
not be estimated in the terms of Euclidean diameters of domains.

It can be seen by considering a domain consisting of two identical
squares connected by a thin corridor :

FIGURE: Nikodim-type example.



Composition operators

We suggest the method that is based on the following diagram
proposed in (V. Gol'dstein and L. Gurov, 1994) :
wiQ) = wi(D)
1 \:
—1y*

L@ ‘“ L)
™ is a bounded composition operator on Sobolev spaces,
e*(f) =fop;

(o~")* is a bounded composition operator on Lebesgue spaces,

(e (9)=geoe .

In the terms of Sobolev-Poincaré inequalities this diagram can be
considered as a change of variables in the inequality :

inf [|u = ¢|Lp(Q)| < Bop(IVU[ (I, u € W5(Q).



Composition operators

Let Q and Q' be domains in R2. A homeomorphism ¢ : Q — Q' is
called a K-quasiconformal mapping if ¢ € W] ,,.(Q2) and there exists
a constant 1 < K < oo such that

|Do(x)[? < K|J(x, )| for almost all x € Q.



Composition operators

The linear case p =2

Estimates of a norm of a composition operator
" L3(Q) = Ly(D)
generated by the composition rule ¢*(f) = f o ¢ follow from :
S. K. Vodop’yanov and V. Gol'dshtein (1975). A homeomorphism

¢ Q — Qis a K-quasiconformal mapping iff o generates by the
composition rule ¢*(f) = f o  an isomorphism of Sobolev spaces

L1(Q) and L}(9Q) :
lo* () | Lh()Il < K7 ||| L(Q)]
for any f € L}(Q).
gy



Composition operators

Estimates of a norm of a composition operator
(071" Le(D) = Ls(9)

generated by the composition rule (¢~")*(g) = g o »~ " are based on
the notion of quasiconformal regular domains.

We say that a domain Q C R? is called a K-quasiconformal 3-regular
domain if 3 a K-quasiconformal mapping ¢ : D — Q such that

/|J(x,<p)\5 dx < oco forsome B >1,

D

where J(x, ) is the Jacobian of a mapping ¢ at a point x € D.



Composition operators

Lemma 1. Let Q2 be a K-quasiconformal -regular domain. Then for
any function f € L,(Q, h), 8/(8 — 1) < r < oo, the inequality

I Ls() < (/|J(X,¢)\B dx) I LAS2, B
B

holds for s = B%r.



Theorem A. Let Q C R? be a K-quasiconformal 3-regular domain.
Then :
o the embedding operator

o : W3 (Q) — Ls(Q)

is compactV s > 1;
oV fe W) (Q)andV s > 1, the Poincaré-Sobolev inequality

inflIf —c| LDl < Bs2(Q)IVF | L2(Q)]

holds with the constant

Bs2(Q) < K2B g o(D)[lJe | Ls(D)| -

where
2—r r+2
B s o(D) < (27'7) 7 (r+2)7 .



Theorem B. Let Q C R? be a K-quasiconformal 3-regular domain.
Then the spectrum of the Neumann—Laplace operator in Q is discrete,
and can be written in the form of a non-decreasing sequence :

0=10() <p1(Q) < p2(2) < ... < pn(Q) < ...,

and
1 23 )
< Jp | Lg(D)||, B < oc.
() W<51 H | Ls(P)
In case f = o
1
< Jp | La(
@ = el L0

where j; ; ~ 1.84118 and ¢ : D — Q is the K-quasiconformal

mapping.



Example 1. The homeomorphism
w=Az+Bz, z=x+1ly, A>B>0,

is K-quasiconformal with K = 45 and maps the unit disc D onto the
interior of the ellipse

2 2
Qe:{(u’v)ERz:(AJI:B)2+(AKB)2:1}'

Then by Theorem B in case 5 = oo we have

i \2

This estimate is better than the classical estimate for convex domains
11(Qe) > (7/d(Qe))?, since d(Qe) = 2(A + B) and 2j1’,1 > T,
j1"1 ~ 1.84118.



Example 2. The homeomorphism

w=|zlkz, z=x+iy, k>0,
is (k + 1)-quasiconformal and maps the square

V2 V2 V2 . 2

._ 2. Ve ye Ve ye
Q.—{(x,y)eR i X< 5 5 <Y< 5

onto star-shaped domains Q* with vertices (£v2/2, £v/2/2), (+¢, 0)
and (0, +¢), where ¢ = (v/2/2)k*1.

. ; * _ 1 _ 1
FIGURE: Domains 2: under e = ;75 and € = ;.



Then by Theorem B in case 5 = oo we have

7.‘.2

e (Q22) > 2kt 12



The degenerated case p > 2
We estimate a norm of a composition operator
" LY(Q) = LY(D),
generated by the composition rule o*(f) = f o ¢ a K-quasiconformal

mapping
p:D— Q.

The composition operator is bounded if and only if

p—q

o= ([ () o)

and the norm of the composition operator ||¢*|| < Kp 4(DD).



In the case of K-quasiconformal mappings ¢ : D — €,
1<g<2<p<x

1 2-=q p—2
Kp.q(D) < Kzm = |Q] =,

Estimates of a norm of a composition operator
(071)" : Le(B) — Ls(9),

generated by the composition rule (¢~1)*(g) = g o »~ ' are based on
the notion of quasiconformal regular domains.



Theorem C. Let Q) be a K-quasiconformal 3-regular domain,
r=ppB/(B—1), p> 2. Then the following inequality holds

T, 1
,_7_’_?

11 n 1 P—§+€ L
inf 2p< g ’) 78 S KEQIT (|, | Le(D)],
2 q

where q* = 28p/(Bp +2(8 — 1)).



Example 3. For n € N, the homeomorphism

n

=n
cp(z)—A<z+Zn>+B<z+Zn>, z=x+iy, A>B>0,

is quasiconformal with K = (A+ B)/(A — B) and maps the unit disc D
onto the domain 2, bounded by an epicycloid of (n — 1) cusps,
inscribed in the ellipse with semi-axes (A+ B)(n+1)/n and

(A= B)(n+1)/n.



b)n=5 c)n=8

FIGURE: Image of D under ¢(z).

Then by Theorem C in case 8 = co we have

Ql=Ql=

LI f gt
In 1
m(Q) ~gel@a | \ -3+

where g* = 2p/(p + 2).

TI=|TI=

pH1-§ 21
) 2P+2(A+B)P<n+1>
n



The singular case 1 < p < 2
We estimate a norm of a composition operator
P Ly(Q) = Ly(D),

generated by the composition rule ¢*(f) = f o ¢ a K-quasiconformal
mapping ¢ : D — Q, using the generalized Brennan’s conjecture :

4K <p< 4K
2K +1 2K —1°

/wﬂnWm<+m,mmn
Q



A connection between Brennans conjecture and composition
operators on Sobolev spaces :

Theorem. Let Q C R? be a simply connected domain. Generalized
Brennan’s Conjecture holds for a number

B e (4K/(2K + 1), 4K/(2K — 1)) if and only if any K-quasiconformal
homeomorphism ¢ : D — Q induces a bounded composition operator

o L;(Q) — LZ,(]D))

foranyp € (2,4+00) and q = ps/(p+ B — 2).



In case of K-quasiconformal mappings ¢ : D — ,

p—q

1 (p—2)q o
Ky q(D) < Kb / Do) 5 |

4K <p<2
2K+1 -P==
2p
<
1S 9< kK —Tp



Theorem D. Let Q) be a K-quasiconformal 3-regular domain and
¢ : D — Q be a K-quasiconformal mapping. Suppose that the
Brennan’s Conjecture holds. Then for any

4K

k11 “P<2

the following estimate

1 21w Y
— <K||Jga|Lﬁ(D)|('7Qfl{<7T,, (522 ) ) IDeP2 | Lo (D )|}

holds, where I = [1,2p/(4K — (2K —1)p)) andv =1/q— (8 —1)/8p.




Example 4. The homeomorphism
w=l|z|"z, z=x+iy, k>0,

is (k + 1)-quasiconformal and maps the square

V2 V2 /2 V2
Q:—{(x,y)eR2:—2<x<2,—2<y<2}

onto star-shaped domains Q* with vertices (£v2/2, £v/2/2), (+¢, 0)
and (0, +¢), where ¢ = (v/2/2)k*1,

In the case of porous media flows ( p = 3/2), taking g = 1, we have

3
1 WICER)

1 N _
Mé/)z(Qg(k)) 2—k

,0<k<2.




Spectral estimates in quasidiscs

Now we precise Theorems B (C, D) in quasidiscs.

K-quasidiscs are images of the unit disc D ¢ R? under
K-quasiconformal homeomorphisms of the plane R?.

This class includes all Lipschitz simply connected domains but also
includes a class of fractal type domains like snowflakes. The
Hausdorff dimension of the quasidisc’s boundary can be any number
in[1,2).

The suggested approach is based on the sharp inverse Hoélder
inequality for Jacobians of quasiconformal mappings.



Spectral estimates in quasidiscs

Let+ : R? — R? be a K- qua3|conformal mapping. Then for every disc
DcR?andforany 1 < x < K 7 the inverse Haolder inequality

( / . )* dx)
D

< Wexp{}ﬁz(zw}/tj(x?wﬂ ax

4 2log3
D
holds, where
_ 108 _ 4psrlh—2 21\2k
Cﬁ_[(2/§—1)(1—y)]1/2'€’ v=10 2H_1(247T K)="® < 1.



Spectral estimates in quasidiscs

Theorem E. Let2 be a K-quasidisc. Then

Mp(K)

>
m(Q2) > ToI

where M,(K) depends only on p and the quasiconformity coefficient
K of Q.



Quasiconformal mappings preserving measure

Quasiconformal mappings preserving measure

Example 1. The homeomorphism

o(z2)=va+1z+az, z=x+iy, a>0,

is a K-quasiconformal with K = \/L:::*Z and maps the unit disc D

onto the interior of ellipse

X2

y? _
(x/ﬁ+a)2+(\/ﬁa)21}'

The Jacobian J(z, ¢) = |¢|? — |pz]? = 1.

Qe = {(x,y) eR?:



Quasiconformal mappings preserving measure

Example 2. The homeomorphism
p(2)=V2(1+2)i(1 +2)%, z=x+ly,

is a K-quasiconformal with K = 2 and maps the unit disc D onto the
interior of the “rose petal”

Q= {(p,e) € R%:p=2v2c0s(20), —- <0<

NS

T
4

The Jacobian J(z, ¢) = |¢|? — |¢z]? = 1.



Quasiconformal mappings preserving measure
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Quasiconformal mappings preserving measure
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