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Standard interpolations

The basic, classical (standard) interpolations include interpolations
of Lagrange, Hermite, Newton, etc.

Lagrange: Given the points {w;}"; C C and the values ¢; € C,
find the polynomial f(z) of degree m — 1 with the property

flw))=c,Vj=1,....,m.

Note that the interpolation polynomial is defined in terms of the
polynomial p(z) = (z — wy) - ... (z — wy,) by the formula

resWJ. — .
— z—w p

Thus, specifying the interpolation nodes as the null set of the ideal
(p) gives a toolkit for constructing an interpolation polynomial.
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Standard interpolations

Hermite: Given the points {w;}; C C and the values ¢;x € C,
where j=1,...,m, k=0,...,u; — 1 find a polynomial f(z)
having at given points given values of derivatives up to orders of
pj — 1, that is,

FOW) =, ¥i=1,...,mVk=0,... 1 — 1.

In this problem, the corresponding ideal is taken by the generated
polynomial
p(z) = (z = w1 )" - (z — wp)H"



Non-standard 1-dimensional

Problem: Given the complex numbers aj (j =1,...,m;
k=0,...,pj—1) and c. It is necessary to describe the set of all
functions f which are analytic in the neighborhood of Q C C points
Wi, ..., Wn and satisfy the equation:

m pji—1

YD aufPw) =c. (1)

j=1 k=0

(D. Alpay, etc., 2016). Note that if f is a solution of (1), then
f + ph is also a solution, where

m

p(z) = [z - w)s. heo®).

j=1

In other words, we can work in the factor ring O(2)/(p) by the
ideal generated by the polynomial p.



Noetherian opeators

Definition (Ehrenpreis, Palamodov)

Let / C C[s1,...,Sn] be a primary ideal. A family of linear
differential operators with polynomial coefficients 9y(s, D),
£=1,...,tis called a noetherian operator for /, if the conditions

8g(5, D)SO(S)|V(I) :0’ szl,,t

are necessary and sufficient for the function ¢(s) to belong to
ideal /.



Noetherian operators in the one-dimensional case

In the one-dimensional case an arbitrary polynomial has the form:
p(s) =(s—wp)" ... (s — wi)Hk,

and its generated ideal is decomposed into the intersection of
primal ones
pi=((s—w)"), j=1,... k.

A necessary and sufficient condition for a given function ¢ to
belong to the primary component p; is vanishing of ¢ by the
following operators with constant coefficients:

Ljo, Lj1s - 7£J'7uj—1’

where L; j[p(s)] = %

S=Ww;



Non-standard n-dimensional

Problem (Alpay, Yger; 2019)

Let p~1(0) = {w1,...,wn} and U be an open subset of C"
containing p~1(0). Fix aj,j=1,...,m, 1 € Ay, and c; all of them
are complex numbers. We need to describe the space of
holomorphic functions f: U — C with the following property:

m

DD Gelweflw) =c. (2)

j=14cA,,



Basis in C[s]/{p)

The following monomial basis
B={s?k=0,... Np) -1}

in the quotient space C[z]/(p) is one of ingredients for solving the
interpolation problem. In fact, this factor is the space of reminders
when dividing polynomials by the ideal (p). The basis B is
constructed using the Grébner basis for the ideal (p).



Solution of the multidimensional Problem

Theorem (Alpay, Yger)

Let {w1,...,wm} = p~Y(0), U be an open subset in C" containing
p~1(0). Let the sequence

a::{aﬁbj:: L...,HLK(E/4M}

and the complex number ¢ be given. Let us denote the polynomials

e (s) =Y aju(s — wy)t/el,

EGA%

making up the sequence h3, = [h2 h3, 1. and let

alh] = (ao[hG ], p)-1lha])

be the projection of this sequence onto the quotient space C[z]/{p).



Solution of the multidimensional problem

Theorem (Alpay, Yger 2019)
Then:

» If a[hf,] = 0, then the problem has no solution in the case
¢ # 0, and any function f € O(U) is a solution in the case
c=0;

> Ifa[h3] #0, then f € O(U) satisfies the condition (2) iff
o[f] - QplB] - a[h3]T = c,

where T is the transposition sign, and Qp[B] is the
Grothendieck global residues matrix:

sPatBi dg

QplB] = Res [Pl(s) .. pn(s)

]0<k1,k2<N<P>1



In one variable there are two equivalent definitions of the residue:
by integral over small circle
1
resg = — g(z)dz
a 27
|z—a|=¢

and by coefficient ¢_; of the Laurent decomposition

g(z) = Z ck(z — a)k

keZ

If a multidimentional analogue of a holomorphic function is
understood as a mapping C" — C”, it is convienient to use the so
called local (pointed) Grothendieck residue as an integral definition.



Grothendieck residue

Grothendieck residue is a cornerstone of complex analysis and
algebraic geometry and it plays a key roles in the theory of
singularity and foliations.

Assume that polynomials

fi,...,fp € Clz] = Clz1,..., z]

have isolated common zero a € C". Consider a rational differential
n-form

1 h(z) dz
2ri" f(z2) ... f(2)

w= (with dz = dz; A -+ - A dzp)



Grothendieck residue

Definition
The Grothendieck residue, associated with f = (fi,...,f,) and h, is

determined as an integral
res (h) = w
a f( ) /

la
of the form w over a very special cycle
fa={ze U, |fi(z)=¢j,j=1,...,n}

where the neighborhood U, of a and ¢; are chosen such that the
closure U, does not contain roots different from a and [, CC U,.



Another integral representation

Our goal is to represent the class of homology of cycle ', as a
linear combination of toric cycles. We need the following theorem.
Consider the standard differential (0,n — 1) form

Zzzl?kd?1 AL [k].../\ df,
(|f1|2 4.+ |fn|2)"

f=(n—1)

Theorem
The local Grothendieck residue admits an integral representation

rgsf(h): / h-5dz,

S2n—1

where S2"~1 js a sphere arround a of a small radius.



Amoeba and its complement
Definition
Given a Laurent polynomial f its amoeba A is the image of the
hypersurface V = f~1(0) under the map

Log: (z1,...,2n) — (log|zi|, ..., log|zal|)-

For the amoeba we will also use notation Ay, .

Amoeba reflects the distribution of the algebraic set V. But more
precisely, the amoeba defines «emptness» for V.

Theorem (Gelfand, Kapranov, Zelevinsky)

The connected components of the amoeba complement €A are
convex, and they are in bijective correspondence with the different
Laurent expansions (centered at the origin) of the rational function
1/f.

The convexity here follows from the general fact that the domains
of convergence of Laurent series are exactly the logarithmic convex
ones.



Newton polytope of f

The shape of the amoeba is closely related to the Newton polytope
A¢ of the polynomial f. Recall that A¢ is defined as the convex
hull in R™ of the index set A in the experession

f(z1,...,20) = Zaaza

The set of integer points in A¢ admits a natural partition

AfNZ" = Ar, where I is any face on A and Ar denotes the
intersection of Z" with the reflective interior of I'. We shall consider
the dual cone C, of Af at v defined as

aEAf

C, = {5 €R": (s,v) = max(s,a>}

Notice that dim C, = n — dim[ when v € Ar. In particular, C, has
nonempty interior if v is a vertex of Ay, and it equals {0} whenever
v is an interior point of Ar.



The order map on the complement “As
Theorem (Forsberg, Passare, Tsikh)

On the set {E} of connected components of ©As there is an
injective map (the order map)

vi{E} - ArNZ"

with the property that the dual cone C,(g) is equal to the recession
cone of E. That is, for any u € E one has u+ C, € E and no
strictly larger cone is contained in E. (Notice that if v is the
k-skeleton of A¢ the C, has dimension n — k).

Thus, connected components can be numbered as E,, with integer
ve Ar.

Corollary

The cardinality of the set {E} of connected components satisfies
the inequalities

#Vert Af < #{E} < #ArNZ"



Gelfond-Khovanskii formula

Theorem (Gelfond-Khovanskii formula)

Assume that all faces of the Minkovskii sum A = A1+ ---+ A, of
Newton polytopes of polynomials fy, ..., f, are locked. Then the
sum of all local residues in (C\ 0)" is calculated by the formula:

h
ngs,r (h) = Z kj ResEV (fl fn>

{a} veVert A

where Resg, is the coefficient c_; of the Laurent decomposition for
ﬁ in the connected component E,,.

In fact one can prove that the sum )" I'; of local Grothendieck
{a}
cycles I, is homologically equivalent to the sum

Z k, Logfl(ul,)7 u, € E,
veVert A



U-resolutions

Let U = {U;};es be an open finite covering of the manifold M. A
U-chain of M of degree g and dimension p is an alternating
function v on 19%1 to C,(M) such that

support y(ig, i1, - - -, iqg) € U N --- N U;

lq
for all ip, i1, ..., g
Definition (Gleason)

Let £ € Z,(M). A U-resolution of £ is a sequence &g, &1, ..., &,
such that

(a) &g is a U-chain of degree g and dimension r — g
(b) &= 2ies&ol(/)
(c) 0&(io,---,iq) = Zlfqﬂ(j, 10y yiq)

j€



Main result

Theorem (Durakov, Tsikh, Ulvert)

Assume that f = (f1,...,f,) has a finite number of solutions in
(C\0)". Then

Zres Z ki Resg, ( h )
a vedANZ" i

In the homological sense it means that

Sra= Y klogiw), u €k,

{a} veEDANZ"



Nongeneral position of Aq,..., A,

Let us consider the system of
polynomials in two variables:

fi =328z + 23 + 22123,

fr =2z} + 4223 + 32223

with the following Newton
polytopes in nongeneral position.




Nongeneral position of Aq,..., A,

05 1.0 1.5 20

7 ,
Amoebas Ay, and Ay, The local distribution at z =0 on

the Reinhardt diagram

The U-resolution of the sphere S3 is 51 — N34 + 13 since it is the
boundary do» of union of red arcs. So we get the representation of
the Grothendieck cycle by 3 toric cycles, where 34 does not
correspond to a vertex of A.



Computation of U-resolution

Here on the Reinhardt diagram
are 3 surfaces:

Vb = {Zf — 2223 = 0},
V, = {2 — z12z3 = 0},
V, = {zg’ —z12p =0}

distributed in a ball B. We have
to construct the U/-resolution of
the sphere S° € Hs(B \ {0}),
respective to the covering

Up =B\ Vp, Uy =B\ V,,

U =B\V,.




Computation of U-resolution

15t step: Decomposition

S° = op + 04 + 0, by blue, green
and red chains. Each of them lies
outside of the surface of the
corresponding colour, i.e.
O'bEUb,O'gEU,O'rEUr.



Computation of U-resolution

2" step: Compute the boundaries
0oy, 004,00, Each edge lies
outside of two surfaces with the
complement colour.




Computation of U-resolution

3'd step: Compute the boundaries
of edges taking into account the
ordering b, g, v colours. So we
get the resolution & as the linear
combination

& =T511+T115 +T151 — 22

of toric cycles.




The set of differential operators:
oM 1ot 10 10
_ _(_50___ < < _ Y _+ .
(Lo} = {l:o,ooo - ( g 0210220z3 419z} 41 0z3 4! 823) '
L PN pe (10 P
T3102 92023 ) O T\ 3102 0210z )
10 d? 7] 7]
Lo,001 = ( E] 821622> i Lo,110 = <_8iz3) i Lo,101 = <_6722) ;
0 19 192
( 821) i L£0,200 = (_187212) i L£0,020 = <_187222) ;

1 82 1 0
Lo002 = (71(9—23?) i Lo111 = (—80) i L£0,300 = (77!8721) :

3
1 0 1 0 1
£0,030 (—58722) :ﬁo,ooa = (—5?&) ;£0,4oo = < an) )

1 1
Lo 0s0 = <—Ea > i L£o,004 = (—an> } .

is the standard collection of Noether operators for the ideal:

Lo,100 =

L'ro 011

Io<p> = {(Zf — ZzZ3)h1 + (223 — 2123)h2 + (Zg? — 2122)/73},

where h1, ha, hs € Oo.



Theorem
If a[h2)] # 0, then the holomorphic function f(s) satisfies the

Alpay-Yger problem for single point (m = 1) iff the coordinatization
of f satisfies the following condition:

aso0 + ao40 + a a
<aooo + a1 — 400 310 004> al[f] + (3011 + %) Oéz[f]-i-
a
+ (3101 + %) az[f] + <8110 + T> 4[f] 4 2200 as[f]+
a
0220 [f] + Toq[f] + aomag[f] + aomag[f]—l—

+ agorv10[f] + aooocu11[f] = —

This means that the coordinate vector of f in the local algebra lies
in the prescribed affine hyperplane M, C C'!.



Theorem

Assume that the system of n germs ps, ..., pn € Qg satisfies the
following conditions:

d%p;
8ZZ’(O):O 0<a;j<d-1 i=1

]

0% p;
g (0)| #0

9

det

Then the following equation of ideals holds:

d n
<P1a~-7pn>: (zlla"°7zr()l>



A standard interpolation

Let f be the Hermite interpolating polynomial which solves the
problem: for given points {w;}™; C C and values
{¢e},j=1,...,m; £=0,...,u; — 1 find a polynomial f(z) with
the property f(e)(vvj) = ¢j¢. Write f in the form

Z Z MHWJ,

j=1 ¢=0

Consider a multidimentional analogues of this problem. Let

p = (p1,.-.,pn) be a sequence of polynomials in z = (z1, ..., z,)
with a finite number of roots p=1(0) = {w, ..., wn} € C". Let B;
be the monomial basis of the local algebra Oy, /(p). The dimention
of this algebra is equal to the multiplicity of p at the root w;.



A standard interpolation

Consider the problem: For the given {wa, ..., wn} and values
{gul,j=1,...,ml €Ay (where Ay, C Z" is the set of
exponents of basic monomials in B;), find a polynomial f(z) with
the property
ol f
ot
where { = ({1,...,4,) and [{| =01+ ...+ £,

(W) = cje,



A standard interpolation

Theorem

Assume that for each root w = w;j € p~1(0) there exist a such
vector d,, € Z} that

laf .
86251(‘”) =0,0<a1 <diw—1,...,0< 0, <dpw—1,i=1,...
dk,w
det ? dkp' #0 (herei,k=1,...,n).
0z,°

Then the polynomial

3 % s (T0e)

j=1 ZEAW

solves the standard problem



Thank you for your attention!



