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How complicated is a given 3-manifold?
to k if

The tetrahedral complexity ctet (M) of a compact 3-manifold M with OM = () is equal
@ M admits a truncated triangulation with & tetrahedra;

@ there is no truncated triangulation of M into fewer tetrahedra.

ABD - FEH, BCD - EFG,

[m]

ADC - EGH, ACB - FHG

=




Cusped hyperbolic manifolds

Burton — Callahan — Hildebrand — Thistlethwaite — Weeks census, ciet < 9

Manifolds Minimal triangulations

Tetrahedra Orbl  Non-orbl Total Orbl  Non-orbl Total
1 0 1 1 0 1 1

2 2 2 4 2 3 5

3 9 7 16 10 11 21

4 56 26 82 75 60 135

5 234 78 312 360 179 539

6 962 258 1220 1736 801 2537

7 3552 887 4439 7413 3202 10615
8 12 846 2998 15844 30450 12777 43227

9 44250 9788 54038 | 122136 49896 172032
Total 61911 14045 75956 | 162182 66930 229112

Lower bounds ctet (M) > voi(M)’
tet




Hyperbolic 3-manifolds with totally geodesic boundary
¢ = 2 [M. Fujii, 1990]
8 manifolds

@ the same vol ~ 6.451998.

@ this vol is minimal among all hyperbolic manifolds with totally geodesic boundary.
3 < c¢ <4 [R. Frigerio — B. Martelli — C. Petronio, 2004]

@ 150 manifolds of complexity 3.

@ 5,002 manifolds of complexity 4.




From truncated triangulation 7 to its dual polyhedron Py

@ For each tetrahedron A of 7 consider the union Pa
of the links of all four vertices of A in the first
barycentric subdivision.

o PTIUPA.
A

M @ (©)

@ Denote by t7 the number of tetrahedra and by e7 the number of edges in T.
@ (M) =x(Pr)=er —tr.




Exact values of ctet(M): manifolds with one-edged triangulations

R. Frigerio — B. Martelli — C. Petronio, 2003
with e = 1. Then

Assume that a compact 3-manifold M with M # () admits a truncated triangulation T
@ M is hyperbolic with geodesic boundary.
(*) Ctet(M) =tr.
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Exact values of ¢t (M): manifolds with e = 2

V. Turaev — A. Vesnin — E. F., 2016

Let a compact 3-manifold M with
OM # () admit a truncated

triangulation 7 such that Pachner move
@ e =2,
@ 7 does not admit a 3 — 2 ’
Pachner move.

Then Ctet(M) = tT.




Example: Paoluzzi — Zimmermann manifolds A7, 5, 1996

@ Letn>3,0<k<n,and ged(n;2 — k) = 1.

S

+

@ Take n-gonal bipyramid. For every i glue faces A;A;+1S+ and S_A; 1k Aitkt1

@ The result is a pseudo-manifold N, i with x(Np ) =n — 1.
with totally geodesic boundary.

@ Cutting a neighborhood of the singular point we get a hyperbolic manifold M, 1




Lower bounds of ¢t (M)

Theorem:
If OM # 0, then ciet (M) > rk(Ha(M,Z2)) — x(M) + 1. J
Proof

@ Let 7 be a truncated triangulation of M and Pr be its dual polyhedron.

@ Hy(M,Z2) = H2(Pr,Z2). Any homology class of Ho(Pr,7Zs) can be presented by
an embedded closed surface in Pr.

("] T]C(HQ(M, Zz)) <er—1.
o t7=er — (M) > rk(Ha(M,Zs)) — x(M) + 1.

g

M ) 3)




Exact values of ¢, (M): manifolds with e = rk(Ha(Pr,Z2)) + 1

Example 1:

Example 2:




How to describe all manifolds with e = rk(Hs(Pr,Zs)) + 17

For each 2-component & of a special polyhedron P, there is a characteristic map

f : D? — P, which carries the interior of the disc D? onto & homeomorphically and
which restricts to a local embedding on S* = dD?. We will call the curve

flop2 : ®D* — P (and its image f|5p2(0D?)) the boundary curve O¢ of €.

It follows that we have exactly two possibilities :

I: Pr has exactly three 2-components and the boundary curve of each of them
passes exactly once along each edge of Pr.

II: There is exactly one 2-component whose boundary curve passes along each edge of
P an odd number of times.



Construction

Let ®1,..,P4—1 be closed connected surfaces such that x(®;) <0

For each ®; let us fix a graph T'; C ®; such that:

@ &, \ T is an open disc.

@ I'; has at least two vertices of valence 3 and some vertices of valence 4




Construction

Let T be a graph with vertices of valence 1 and 4 only such that:

@ each connected component of I contains at least one vertex of valence 1.
vertices in all the graphs I'1,...,T4—1

@ the number of valence 1 vertices in T" is equal to the number of all valence 3

valence 3 vertices in all the graphs T'1,..,.T'q—1.
map ¢.

Let ¢ be a bijection between the set of all valence 1 vertices in T and the set of all

Construct a new graph A(¢) from the graphs I" and I'y,

the identification map ¢.

..., 41 via the identification
V.
Construct also a new polyhedron P4 from the surfaces ®1,..,®4—1 and the graph I" via
v
Oy <& = e
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Obstruction




Obstruction

Mpeobpasyem rpach A(¢) 8 rpacd A(¢) cnepyrowmm obpasom: nocneaosaTensHo byaem
yBanAaTb BepWUHbI cTeneHn 4, nexxawme Ha nosepxHocTax Py,..,Py_1, n cknemsatb
MHUMAeHTHble eli pebpa B rpacde A(p).

A B A B
{ =>

C D C &}

.

Kpurepnit Hammans npensircTBust

K nonusgpy Pi MOXHO MpUKAENTb POBHO OAHY 2-KNETKy Tak, 4Tobbl nosnyquncs
CneymanbHbIA NONUSAP, TOrAA 1 TOJIbKO Torga, Koraa rpad A(@) cBA3HBbIIA.

Jlemma

Ons noboro Habopa nosepxHocTelt @1,..,Pq—1 n rpacpos I', I'y,.., ['y—1 J¢ Takas, 4to
rpac A(¢) cBsA3HbIN.




Construction

MomecTum B Kaxayto BepLunHy crenenn 4 rpaca I' 6abouky.




Construction

Bosbmem BepnHy ctenenn 3 Ha nosepxHoctu ®;. Yactb rpacha I';, nonagatowero B
[OCTaTOYHO MaJieHbKYIO OKPECTHOCTb BEPLUMHbI NpeacTaBnsieT us cebs tpuog 7.
Mpuknenm k Hemy T x [0, 1].

Jlemma

Ckneliky Tprogos Ha pebpax rpacda I' MOXHO 3agaTh Tak, 4TO B pe3ynbTaTe MoJy4uTcs
nonnagp P> c ogHoli KOMMNOHEHTON Kpasi.

3akneum kpaii nonusgpa P> anckom u nony4vmm Tpebyembiii cneunanbHoelii nonuagp P
o = = E




Construction

Jlioboli cneymanbHbIi NOAN3AP MAaKCUMAabHOrO rOMOJIOFMYECKOrO paHra, UMerLni Tun
I, MOXXHO NOCTPOUTL ONMCAHHBLIM BbilIE CMNOCOBOM.

Teopema (C. MBanos — /1. Huromeapsinos — E. @.,; 2019)




Virtual 3-manifolds

We say that two special polyhedra are equivalent if one of them can be transformed into
the other one by a finite sequence of moves TF1.

A virtual 3-manifold is the equivalence class [P] of a special polyhedron P.

The complexity cv[P] of a virtual 3-manifold [P] is equal to k if
@ [P] contains a special polyhedron with k true vertices and

@ [P] contains no special polyhedra with a smaller number of true vertices.
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Thank you!

Hao



