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Introduction



Poisson bracket and Hamiltonian systems

Let M be a smooth manifold, dim M = N.
Let f,g € C>°(M).

In local coordinates y = (y*,...,y") on M the Poisson bracket is given by:
" ; i1 0f (W) 99(y) -
r(y) = {y", v’ = h¥ : : =1,...,N.
W) ={y"y'},  {f.9} W57 oy Wb

Poisson bracket allows to define a Hamiltonian system on M:

d

— ot =Ly H i=1,... N.
il {v', H(y)}, i=1,...,



Poisson bracket and Hamiltonian systems

In canonical coordinates (y!,...,y™) = (z!,..., 2", p1,...,pn), N = 2n we

have

{le’pj}zéé’ {xlvxj}:(L {pzap]}zoa 27]21,771,

" (OF OH OF 0H
1) =3 (5550~ 7))

Canonical Hamiltonian equations:

OH ) OH

:apiv pl__axz

Cbi

The first integrals F = F(y) of this system satisfy the following condition:

F={FH}=0.



Integrable geodesic flow on a 2-surface

Let o

ds® = gij(x)dx'da’ 1,5 =1,2
be a Riemannian metric on M?. The geodesic flow is called integrable if the
Hamiltonian system

oOH . oH 1

= 6]71" bi = _%a H= igljpzpj

i,i

possesses an additional first integral F' : T*M? — R such that

2
. OF OH OF OH
P r Y=Y (5550w )

Jj=1

and F is functionally independent with H almost everywhere.



Global integrability of
Hamiltonian systems



Topological obstacles to the complete integrability

Theorem (V.V. Kozlov)

If a genus of a surface M is different from 0 or 1 (that is M? is homeomorphic
neither to a sphere S? nor to a torus T?), then the geodesic flow of any
analytical Riemannian metric on this surface has no first integral which is
analytical on T*M? and independent on the Hamiltonian.



Polynomial in momenta first integrals

It is known that there exist metrics of two types on the 2-torus with an
integrable geodesic flow, namely:

ds* = A(z)(dz? + dy?), Fi = po,

Aop? — Aip3
2 _ (A A 2 2 I = 2P1 2
ds® = (M (@) + Ao(y))(do® + ), Fp = =22

Conjecture about degrees of polynomial first integrals (V.V. Kozlov).
The maximal degree of any irreducible polynomial in momenta first integral of
geodesic flow on a surface of genus g seems to be not larger than 4 — 2g.



Cubic first integral
Choose the conformal coordinates (z,y), such that ds® = A(z,y)(dz? + dy?).

Pt +p)
2N
The following relations on the metrics and coefficients of the first integral hold:

H = F = ag(z,y)p} + ai(z, y)pipe + az(z,y)p1p3 + as(z, y)ps.

a2 —ag = Cp, a3 —aip = Cy,
where ¢y, ¢ € R are Kolokoltsov constants; moreover,
alAy + 2Aag, + 3apA, =0,

3G1Ay + 2Aa1y + (]. + ao)Ax =0.
(1 + CL())Ay + A (CLOy + alm) + ale = 0,

It can be written in the following form:

3(10 2A 0 A (5] 0 0 A
1+ ap 0 0 agp + 3a1 0 2A agp = 0.
a1 0 A ar/ , 1+a9 A O ay



Integrable geodesic flow on the 2-torus

Theorem (N.V. Denisova, V.V. Kozlov)

Suppose that the geodesic flow on the 2-torus admits a homogeneous in
momenta first integral F,, which is independent on the Hamiltonian. Suppose
that

1) either F,, is even on p1, po

2) or F, is even on p1(p2) and odd on ps(p1),

then there exists an additional polynomial in momenta first integral of degree
< 2.

Theorem (N.V. Denisova, V.V. Kozlov)

Suppose that the geodesic flow on the 2-torus admits a homogeneous in
momenta first integral F,, which is independent on the Hamiltonian. The metric
A(z,y) is assumed to be a trigonometric polynomial. Then there exists an
additional polynomial in momenta first integral of degree < 2.



Integrable geodesic flow on the 2-torus

Theorem (M. Bialy, A.E. Mironov)

If the Hamiltonian system has an integral F which is a homogeneous polynomial
of degree n, then on the covering plane R? there exist the global semi-geodesic
coordinates (t,x) such that

1 2
ds* = g*(t, z)dt* + da?, H= 3 (Igjé +p§>

and F can be written in the form:

Here the last two coefficients can be normalized by the following way:

p—1=¢, ap =1.



Integrable geodesic flow on the 2-torus

The condition {F, H} = 0 is equivalent to the quasi-linear PDEs

U, + A(U)U, =0,

where UT = (ag,...,an_1), Gn_1 =g,
0 0 ‘e 0 0 ai
Ap—1 0 ... 0 0 2a0 — nag
e 0 Q1 .. 0 0 3az — (n — Day
0 0 ce. Qp_1 0 (n—1ap—1 — 3an_3

0 0 ... 0 Ap_1 nay, — 205,—2



Quasi-linear system of PDEs

Quasi-linear systems of the form
AWU)U, + B(U)U, =0,

Uy = A(U)Uy, U= (u1,...,u,)"
appears in such areas like
e gas-dynamics
e non-linear elasticity
e integrable geodesic flows on 2-torus

and many others.



Hopf equation (inviscid Burgers' equation)
Consider the following equation wu; + uu, = 0. The solution of the Cauchy
problem u|i—o = g(z) is given by the implicit formula
u(z,t) = gz — ut).

It follows from this formula that the higher any point is placed, the faster it is.




Semi-Hamiltonian systems

Theorem (M. Bialy, A.E. Mironov)
(1) is semi-Hamiltonian system. Namely, there is a regular change of variables

U s (Gy(U),....Gu(U))
such that for some Fy(U), ..., F,(U) the following conservation laws hold:
(Gi(U)) + (Fi(U))y = 0, i=1,...,n.

Moreover, in the hyperbolic domain, where eigenvalues Ay, ..., A, of A(U) are
real and pairwise distinct, there exists a change of variables

U (r(U),...,r(U))
such that the system can be written in Riemannian invariants:

(ri)a + Xi(r)(ri)y =0, i=1,...,n.



Semi-Hamiltonian systems

The eigenvalues of a semi-Hamiltonian system \;(r) satisfy the following
relations:
Or; Ak

Or, Ak . .
0, 78”/\3‘—)%7 1#j#kF#i.

N = Ak

It means that there exists a diagonal metrics

ds* = H(r)dr? + ...+ H¥(r)dr%,
with Christoffel symbols satisfying the following relations

Or, N

Iy, =
ki )\i7>\k’

i # k.

S.P. Tsarev: the generalized hodograph method.



Natural mechanical systems and the Maupertuis principle

Let M" be a smooth manifold with the Riemannian metric ds? = g;;dz'dz?.
Consider a Hamiltonian system

oH . 0H 1, .
= 8pi’ pi:_@7 H:§gf(x)pipj+V(a;), ,j=1,...,n,

,’j’,‘i

where V' (z) is a smooth potential. Define
Q™' = {H(x,p) = h,h > mazV(z)}.
Construct a new Hamiltonian

=~ 1g"(x)pip;
H=-9Pb;
2 h—V(x)

such that H = 1 on Q2"~!. H corresponds to the new metric

9ij = (h=V(2))gij-



Natural mechanical systems and the Maupertuis principle

So we have N
Q"' ={H(z,p) = h} = {H(z,p) = 1}.

It follows from here that trajectories of these two Hamiltonian systems coincide
(up to a parametrization).

Suppose that the initial natural mechanical system (with H as a Hamiltonian)
admits a first integral f(z,p) on a fixed energy level Q?"~1. Then the geodesic
flow (with H as a Hamiltonian) admits a first integral f(z,p) = f(z, %) on the

whole T*M™ (except maybe a zero energy level) and f |gen-1= f|Q2n71 .



Natural mechanical systems on the 2-torus

Consider a Hamiltonian system with the Hamiltonian

_pi+p3

H
2

+ V(z1, 22),
where V is assumed to be periodic function on the plane R? with a period
lattice A C R2.
1) If

V(z1,x2) = V(axy + Bxs),
where a, 8 € R, then there exists a polynomial integral F; = aps — Bp;.
2) If

V(xy,22) = Vi(ar2y + Bra2) + Va(azwy + faxz),

where «;, 5; € R are constants compatible with the period lattice A, then there

exists a polynomial integral
Fy = (dy + do)p? + 4p1ps — (di + do)p3 + 2(dy — do) (Vi — Va), d; = i/ Bs.



Polynomial integrals of natural mechanical systems

3 degree
M. Bialy
N.V. Denisova, V.V. Kozlov

4 degree
N.V. Denisova, V.V. Kozlov, D.V. Treschev

5 degree
A.E. Mironov

Higher degrees
Open problem



Magnetic geodesic flow (systems with gyroscopic forces)

%y={y,H(y)}mg, i=1,...,N.

In coordinates (y',...,y"N) = (a',..., 2" p1,...,pn), N = 2n magnetic
Poisson bracket is given by

{xi7pj}my = 527 {xivxj}my =0, {pispjtmg = Qij (),
Consider a Hamiltonian system
:C]:{xjaH}mga pj:{pj>H}mg7 .7:172

on the 2-torus in presence of a magnetic field with H = %gijpipj and the
Poisson bracket:

2
G (OFOH OF OH ., (OF H OF 0H
{F H)mg =3 <6mi o5 Op; axi) Ue', ") <ap1 ops  Opa ap1> '

i=1



The only known examples of integrable geodesic flows
on the 2-torus on all energy levels

Integrable geodesic flow

ds? = A(y)(dac2 + dyz), F = pq;

A 192 /\1132
d 2 = A x —|—A dg;Q _|-d 2 Fy = y
S ( 1( ) Q(y))( Yy )a 2 ‘1 '2

Integrable magnetic geodesic flow

ds® = daz® + dy?, w= Bdx ANdy, B = const#0, F1:COS<%—y);

ds® = A(y)(da® + dy?), w=—u(y)dzndy, Fi=pi+uy).



Magnetic geodesic flow and its integrability

Theorem (S.V. Bolotin, V.V. Ten)

Let H = @ and the magnetic form w = A(z,y)dx A dy. The magnetic
geodesic flow possesses an additional polynomial first integral iff the Fourier
spectrum of A(x,y) lies on a straight line going through the origin and the
average of \(x,y) over the whole torus is equal to 0.

Consequence (S.V. Bolotin, V.V. Ten)
The degree of any irreducible polynomial first integral of such magnetic geodesic
flow is equal to 1.



Quadratic first integrals on several energy levels

2 2
p1t+p3 iy , ) ’
H:m7 z’ :{ir],H}mga pJ:{pij}mg7 ]:172

Theorem (A., Bialy, Mironov)

Consider the magnetic flow of the Riemannian metric ds®> = A(x,y)(dx? + dy?)
with the non-zero magnetic form w. Suppose the magnetic flow admits a first
integral Fy on all energy levels such that Fs is quadratic in momenta. Then in
some coordinates we have

ds* = A(y)(dz® + dy?), w=—u'(y)dz A dy

so there exists another integral Fy which is linear in momenta: Fy = p1 + u(y),
and F, can be written as a combination of H and F}.

I.LA. Taimanov: There is no additional irreducible quadratic first integral with
analytic periodic coefficients even on 2 different energy levels!



Integrals of higher degrees on several energy levels

Lemma (A., Valyuzhenich) Suppose that the geodesic flow on the 2-torus in a
non-zero magnetic field admits an additional polynomial in momenta first
integral F' of an arbitrary degree N on X H or ¥ ;r 2 different energy levels
{H=F\},{H=FE>}.... Then F is the first integral of the same flow on all
energy levels.

Theorem (A., Valyuzhenich) Suppose that the geodesic flow on the 2-torus in a
non-zero magnetic field admits an additional polynomial in momenta first
integral F' of an arbitrary degree N with analytic periodic coefficients on

or M2 different energy levels {H = E1},{H = Ey}.... Then the magnetic
field and the metric are functions of one variable and there exists a linear in

momenta first integral Fy on all energy levels.

NA41
2



Quadratic first integrals on a fixed energy levels

For a Riemannian metric ds? = A(z,y)(dz? + dy?) and quadratic in momenta
first integral on the 2-torus on a fixed energy level we obtain the following

system
A(U)U, + B(U)U, =0,

where
0 0 1 O 0 0 0 1 A
f 0 A O -9 O 0 -A | uo
A=1210 2|0 B=lo o -2 of UT|y
000 -1 2 -1 L 0 g
Magnetic field has the form: Q=1(9: — [fy)-

M. Bialy, A.E. Mironov: This system is proved to be semi-Hamiltonian.



Dorizzi B., Grammaticos B., Ramani A. and Winternitz P.:
two commuting functions H, F' with respect to the standard Poisson bracket { , } were
found by the following construction:

A= (n+Rw) +

= (2= 5'@) "+

1
2
~ 1 ’ 2 ’ ’ ’ ’
F=35(=5@) +R W (m+E©)+5 @ (-5 @)+
Here functions h and f are defined as follows:

1 ’ 1 ’ 7" " 1 / 7"
*+5(R)+SR +RS -, f=5(S)+SR + s,

where 1 )
o= () + 558 = BeS, pa=—(R) = SPR" 4 BR.
Here functions S(z), R(y) have to satisfy the following equations

’

S" =aS?+ /S +v, R =-aR®+faR+ 7,

a, 35,7k are constants. These constants have to be chosen so that there are smooth
periodic solutions S, R of these equations.



Commuting functions H, F' determine two new functions

2 2
gD + P2

2 ’ ’
Soth F=T 4 Rp+Sptf

which are commuting with respect to the magnetic Poisson bracket and the magnetic
field is . .,

Qz,y) =5 () + R (y).
By Maupertuis’ principle, one can modify H to give explicit examples of integrable
magnetic geodesic flows on one energy level.

Example
The functions

2, .2
P+ P2 1, / !
Hp=2rTP  p o~
E=3E—h) 2= g2+ R (y)p+ S (@)p2 + f
commute with respect to { }..g on the energy level {Hz = 1}. Notice that for any
E > maxh, Hg is a perfectly defined Hamiltonian of the magnetic geodesic flow on
the torus which has a quadratic integral F> on the energy level.



The only known explicit non-trivial solution
Dorizzi B., Grammaticos B., Ramani A. and Winternitz P.:

AW+ BOW, =0, U=Muo f,9)"s 0= 10— 1)

00 1 0 0o 0 o0 1
_|r oA 0 -9 0 0 -A
A=12 10 20 B=lo o -¢ o
00 0 —% 2 -1 & o
Explicit solution:
Az, y) 2E — 2h(x,y)
uo (z, —8q(x,y) — 4(E — h(w, " .
Uo(z,y) = fo((x 5)) _ | 8al y)_4R(/(y) @) | 0 @)+ R (),
9(z,y) 45" ()
1 N2 1 /N2 /1 11 1 N2 11
h(z,y) = 5(S) + E(R) +SR" + RS" + 1 — p2, qz,y) = 5(5) + SR + o,

here pu1(z,y) = (S')? + §825% — B35,  pa(x,y) = —(R')* — 361 R* — B3R and

S =aS?+ 1S +7, R'=—aR®+ BR+ .



Quadratic first integrals on a fixed energy level

Theorem (A., Bialy, Mironov)

There exist real analytic Riemannian metrics on the 2-torus which are arbitrary
close to the Liouville metrics (and different from them) and a non-zero analytic
magnetic fields such that magnetic geodesic flows on the energy level {H = 1}
have polynomial in momenta first integral of degree two.



Crucial construction

Introduce the following evolution equations:

U, = A/(U)U, + B, (U)U,,

where
g 0 0 A f 0 A 0
20 ¢ 0 —2A Cl2f o2 0
A= 0 0o 0 o0 |’ Bi=14§ 5% o o
0 -2 0 0 0 0 0 0

This system defines the symmetry of the previous system so that this flow
transforms solutions to solutions.



Crucial construction

One can easily check that

Ai(z) + Aa(y)
Us(2,y) = 2A2(y) 6 274 (2)

0

is the solution, where Aj(x) and A3 (y) are periodic positive functions:
A(z+1) = A1(x), Aa(y + 1) = Ax(y). This solution corresponds to the
geodesic flow of the Liouville metric with zero magnetic field having the
quadratic first integral of the form

o Aot~ (@)}
T M)+ hely)

A1 and Aj are assumed to be real analytic periodic functions.



Local integrability of
Hamiltonian systems



Polynomial integrals of geodesic flow

Choose the conformal coordinates (z,y), such that

24 .2

ds* = A(z,y)(dx? + dy?), g=itr

2A

Theorem (V.V. Kozlov)
For any n > 1,n € N there exists an analytic function A(z,y) such that the
corresponding Hamiltonian system possesses an irreducible polynomial integral
of degree n with analytic (in a small neighborhood of a point x =y =0)
coefficients.



Polynomial integrals of geodesic flow
Let
F = an(z,9)p} + an1(z,9)p7 'pa+ ...+ ar(z,9)pips " + ao(z, y)ph

be the first integral of this geodesic flow. The following relations hold:

% n oA a,_10A

A e —_— =

Ox 9 4n Ox + 2 Oy 0,
Oan, O0n_1 n—1 OA oA
—A A n— n— =0,
oy T o Mg nmig, T2y

@ OA Oag,  n OA_,

2 9r @ 2%y
Let a; # 0. Then this system can be solved with respect to gA, %‘10 e %.

So we can consider a Cauchy problem on the line x = 0 and apply the
Cauchy—Kovalevskaya theorem to prove the existence and uniqueness of an
analytic solution.



Classical hodograph method (n=2)

Consider a quasi-linear system of PDEs of the form

@ = (o o) (J;) aiy = ay(£.9)

on the unknown functions f(z,y), g(x,y). The following relations hold:

OF _ 0y O 0r 00 o0 0,00
or dg Oy dg’ Ox of oy Of’

-1
where A\ = (8—?,6—‘7’ — @%) . We obtain the following system of linear PDEs:

oy 0
5, = milh 9y, —aa(fe) g

y
87f:a21(f’g)8 az(f, ) f



Extended hodograph method (n=3)

Consider a quasi-linear system of PDEs of the form

f a1l a2 ais f
g =lan a2 as||g] , aij = a;i;(f, g, h)
h y a3zl as2 ass h) .

on the unknown functions f(z,v),g(x,y), h(z,y). To apply the hodograph method,
we need an additional flow which commutes with the previous one:

f bi1 b1z bis f
g = (b1 b2 ba23 gl > bij = bi;(f, g, h).
h), b1 b3z bss h) .

Denote A = (t7(znyg — Tgyn) — to(xnys — z5yn) + ta(xgys — x7y,))” " . We have

Oh 8g g Oh

8f7A<6y8t 8_1/675) of A(@xat Bmat) 8f7A<8a;8y 81:63/)
’ dh dg dg Ok )’

or Ohdg 0goh)’ oy ot



Semi-Hamiltonian systems, the generalized hodograph method

S.P. Tsarev.
A quasi-linear system of PDEs written in the diagonal form

i = v (r)rt, i=1,...,n, v 7 j

is called semi-Hamiltonian if

Uk O,
Or, aﬁvk = 8m ]vf(lj ) i 7é.] 7é k 7é i.
k

v — g vj —

Here r; are Riemann invariants. Semi-Hamiltonian systems possess infinitely
many symmetries, i.e. commuting flows of the form r = w;(r)rl, i=1,...,n,
wherein the following relations on v;,w; hold:

8rkvi o 8Tkwi

i # k.

Vp— U Wk — Wy

Due to the generalized hodograph method, a local solution is given by the
following system of algebraic equations:

wi(r) = vi(r)t + .



Semi-Hamiltonian systems, the generalized hodograph method

Consider a quasi-linear semi-Hamiltonian system of PDEs which is not in the
diagonal form:

Suppose that this system possesses a symmetry, i.e. a commuting flow of the
form vt = Z;.Lzl wi(u)uj, i =1,...,n, wherein the mixed derivatives coincide:

ivé(u)ué = Oi(u Zw
j=1

Due to the generalized hodograph method, a local solution is given by the
following system of algebraic equations:

0y, + tuy, = wy,.



Polynomial integrals of the geodesic flow on a 2-surface

Theorem (G. Abdikalikova, A.E. Mironov)
On a 2-surface introduce the coordinates ds®> = g*(t, z)dt* + dx*. The

2
Hamiltonian takes the form H = % (5—; + p3) . The corresponding geodesic flow

has a local polynomial in momenta first integral of the fourth degree:

ap 4
Fy = P + ggplpz + nglpz + p1p3 + P

Here
3(ca +t+3c3)
5c2

6(2 2t + c3
aolt.x) = Horr Bra)
%ot

9 G‘Q(tam) = -

)

ar(t.2) _ 3y/3(=Her — 4(3ca + 8t) — 18c3 + 5a) — 12(cp + 1)?
1Y =
503

9

21/c2(=5c1 — 4(3ca + 8t) — 18¢2 + 5z) — 12(c2 + )2

9(t, ) = 5¢2
3

)

where c¢1, co, c3 are arbitrary constants.



Rational integrals of geodesic flow

2 2
Choose the conformal coordinates (x,y), such that H = %. Let U be a
small neighborhood of a point z = y = 0. Denote P,, Qs — homogeneous in
momenta pi, p2 polynomials of degrees r, s accordingly.

Theorem (V.V. Kozlov)

Foranyr>1,s>1,r,s € N,r > s there exists an analytic function A : U — R
such that

1. the corresponding Hamiltonian system possesses an irreducible rational in
momenta first integral (independent on the Hamiltonian) of the form

P

F=_"
Qs

with analytic coefficients in U;
2. polynomials P,, Qs are irreducible a.e. in U;
3. the Hamiltonian system doesn't possess any rat/ona/ first integrals

(independent on the Hamiltonian) of the form F = r4+s <r+s.

o



Rational integrals of the geodesic flow on a 2-surface
Maciejewski A.J., Przybylska M.: The following two functions commute

pi+p3
2

H= + f(p1,p2)(wp1 — ayp2), F =plp2, a€R.

If & € R/Q, then F is not meromorphic.
If « € Q, then F is algebraic.
If « € —N, then F is rational.

If « € N, then F is polynomial.

Aoki A., Houri T., Tomoda K.: Let f(p1,p2) = p1 +p2, a = —3 with
relatively prime, positive integers 7, s. Then

s

1 1 ~
H—<x+>p?+(xay)p1pz+<ay)pi, F:F’“:ps
1

2 2

So we obtain a rational first integral F of the geodesic flow on a 2-surface (with
the exceptional flat case aw = —1).



Rational integrals of the geodesic flow on a 2-surface

M.V. Pavlov, S.P. Tsarev
Suppose that the geodesic flow with the Hamiltonian

1, »3
1= (i G )

possesses an additional first integral:

(b1 — b2)p1 — bapo

F = .
(b1 — b2)p1 — bip2

Then the following relations hold:
by = (14 b1b2)b1, — (1+07)boy,  bay = (14 b3)b1, — (14 biba)ba,.

This system turns out to be semi-Hamiltonian.



Rational integrals of the geodesic flow on a 2-surface

After making the following change of variables:

2 v(x,t) = b+,
(by — b2)%’ T b= by

u(z,t) = —

we obtain the system of PDEs:
u +2v, =0, v+ (logu), = 0.

This system appears in fluid mechanics (barotropic fluid), gas dynamics
(polytropic gas), also well known as a dispersionless limit of 2DToda lattice. In
the hyperbolic domain this system can be written in the Riemann invariants:

1 1
7”1121(7"1—7“2)7"11“ 7“21:—1(7“1—7“2)7"21“
where
(ry —12)? T+

ML
3 2



Rational integrals of the geodesic flow on a 2-surface

The hodograph method produces:
1 1

try, = = (11— 12) Tpy, by = —=(r1 —72) Ty,

4 4
By cross differentiation we obtain the Euler — Darboux — Poisson equation on

x(ry,ra): e ) 0 oo
87’187"2 - 2(7"1 - 7’2) 87"1 87‘2 '

Having a solution of this equation, one may find ¢ in quadratures.




Global rational integrals of natural mechanical systems

Consider a Hamiltonian system with Hamiltonian of the following form

2, 9
H:p1+p2

5 +V(z,y),

where V is an analytic function on the plane R? with the period lattice A = Z2.

Theorem (A.)
Suppose that this natural mechanical system possesses an additional global first
integral of the form

_ a(z,y)p1 + b(x,y)p2 + c(z,y)
f(@,y)p1 + g(x,y)p2 + h(z,y)

Then the potential has the form V(x,y) = Vi (ax + By) and, consequently,
there exists a linear in momenta first integral Fy = aps — Bp;.



Thank you for your attention!



