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Simplicial set and simplicial group

A sequence of sets X' = { X, },,>0 is called a simplicial set if there are
face maps:

di X, — X, 1for0<i<n

and degeneracy maps
8t X — Xpqq for 0 < i < n.

This maps satisfy the following simplicial identities:

didj = dj_ldi if i< Js
SiSj = Sj+18¢ if 4 S j,
diSj = Sj_ldi if i< Js
dij =id= d]’+15‘j,
diSj = dei—l if > j+1.
o o = = 9ac



Examples:

A simplicial group G = {G), }n>0 consists of a simplicial set G for which
each Gy, is a group and each d; and s; is a group homomorphism.

1) Simplicial circle S}: Let S = A[1]/0A[1] be a circle. Define
St ={x}, S} ={x,0}, Si={*s00,510},...,5 = {x, 0,
simplicial set.

...,ZL’n_l},. .
where x; = s,_1...5;...500. It is not difficult to check that S} is a

check that Fi is a simplicial group.

2) Free simplicial group Fy: Let Fy = {e} be the trivial group, F1 = (y)
F, = (yo,...,Yn—1}, where y; = sp_1...5;...S0y. It is not difficult to

be the infinite cyclic group, F» = (soy, s1y) be the free group of rank 2,
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Milnor's free simplicial group

Milnor’s F[S1]-construction gives a possibility to define the homotopy
groups m,(S?) combinatorially, in terms of free groups. The

F[SY-construction is a free simplicial group with the following terms

F[SY =1,

F[S']; = F(o),

F[SYy = F(so0,510),

F[SY3 = F(s;sj0 | 0<j<i<2),

The face and degeneracy maps are determined with respect to the
standard simplicial identities for these simplicial groups.
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Milnor's theorem

Milnor proved that the geometric realization of F[S!] is weakly
homotopically equivalent to the loop space 252 = QXS!. Hence, the
homotopy groups of the Moore complex of F[S1] are naturally
isomorphic to the homotopy groups 7, (52):

Wn(F[SI]) = Zn(F[Sl])/Bn(F[Sl]) = 7Tn+1(S2)-



Moore complex

by

The Moore complex NG = {N,,G},>0 of a simplicial group G is defined

=1

N, G = ﬂ Ker(d; : G, — Gp_1).
An element in

Then dy(N,G) C N,,—1G and NG with dy is a chain complex of groups.

Bng == dO(Nn+1g)
is called a Moore boundary and an element in

Z,G = Ker(dy : NG — Np,—1G)
be the group

is called a Moore cycle. The nth homotopy group m,(G) is defined to

o = = Hao



Braid groups

Braid group B,, on n > 2 strands is generated by o1, 09,...,0,-1 and
is defined by relations
Oi0i410; = 0i4+1050i+1 fori=1,2,...,n—2,

0i0;5 0504

for |i —j| > 2.



Geometric interpretation

1—1

7

The generators o; have the following geometric interpretation:
1

t+1 142

n



Pure braid group

There is a homomorphism ¢ : B,, — Sy, ¢(0;) = (i,1 + 1),
i=1,2,...,n— 1. Its kernel Ker(y) is called the pure braid group and
is denoted by P,,. Note that P, is infinite cyclic group.

Markov proved that P, is a semi-direct product of free groups:

P,=U, N NUp—1 N...N\NUy,

where U >~ Fy_1, k= 2,3,...,n, is a free group of rank k.



Pure braid groups as simplicial group

F. Cohen and J. Wu (2011) defined simplicial group AP, = {AP,}»>0,
where AP, = P,11 with face and degeneracy maps corresponding to
deleting and doubling of strands, respectively. They proved that AP, is
contractible (hence 7, (AP,) is trivial group for all n).



Cabling of the pure braids

On the other side, F. Cohen and J. Wu constructed an injective
canonical map of simplicial groups

0: F[S'] — AP,
This leads to the conclusion that the cokernel of © is homotopy
by pure braids.

equivalent to S2. Hence, it is possible to present generators of ,(52)



Simplicial subgroup T'¢

generated by cp1, i.e.

Denote c11 = 07 2e Ppyand T¢ be a simplicial subgroup of AP, that is
To=1, Ty = {(c11), Tz = {ca1,c12), T3 = (c31,c22,c13),
where

€21 = S0C11, C12 = S1C11,

)
C31 = S150C11, C22 = S250C11, C13 = S251C11,
Then O(F[S']) = T¢
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Presentation of P, in cabled generators

It is not difficult to see that
P, =(Ty,Ts,...,T1).

Hence, P, is generated by elements that come from c;; with the
cabling operations.

Question

What is a set of defining relations of P, into the generators c;;? J




A set of defining relations for P,

Proposition [V. B, R. Mikhailov, J. Wu, 2018]
The group Pj is generated by elements

€11, €21, Ci12, €31, C22, Ci3

and is defined by relations (where ¢ = £1):

i1 iy 52_1‘E i1 i1 i1 ‘32_26
Co1 = €21, Cip =Ci3, C31 = €31, Cop = €22, Cy3 = Ci3

51 _ 51 Caf €51 _ C5aCsf
C31 = C31, Cgyg =Coy , Cy3 =Ci3 =~ ,
Cio cio Car
C31 =31, G3 =613 -

—1 —2 —1

Cl2 __ €31 ,—C22 2 -1 Cc12 __ —21 .~ C22 &
Coy = iy crsieanfen; il oy = le12,ca1) €137 oz gy




Virtual braid group

The virtual braid group V B,, was introduced by L. Kauffman (1996).
V B,, is generated by the classical braid group B, = (01,...,0,-1) and

the permutation group S, = (p1,...,pn—1). Generators
pi,t=1,...,n — 1, satisfy the following relations:
p?=1 for i=1,2,...,n—1, (1)
PiPj = Pjpi for |i —j| > 2, (2)
PiPi+1Pi = Pi+1PiPit+1 for i=1,2...,n—-2. (3

Other defining relations of the group V B,, are mixed and they are as
follows

PiPi4103 = Oit1PiPit1 for i=1,2,....,n-2. (5)

o &5 = = = )



Virtual pure braid group

The generators p; have the following diagram
1

1—1

i

1+1 1+2

Pi

As in classical case there is a homomorphism

QOZVBn—>Sn, @(Uz)ZSO(Pz) = Pi, 7::172’"'7’”_1
by VP,.

Its kernel Ker(¢y) is called the virtual pure braid group and is denoted
=] [ =

Dac




Define the following elements in V B,:
Niit1 = pio; Ly gt = pi N pi=0; L i=1,2,...,m— 1,
Aij = Pj—1Pj=2 - Pit1 Nijit1 Pit1 -+ Pj—2 Pj—1,
)\ji = pPj—1pPj—2 .- Pit+1 )‘i-l-l,i Pit1---Pj—2Pj—1, 1 S 1< j -1 S n — 1.

Theorem [V. B, 2004]

The group V P, (n > 2) admits a presentation with the generators
Aij, 1 < # j < n, and the following relations:

Aij Akl = AR Aij,
AkiAkjAij = Aij Ak ki

where distinct letters stand for distinet indices.




Group VP,

Note that V Py

have geometric interpretation

(A12, Ao1) is 2-generated free group. The generators

L &L

Ao = prop !

Aot = o7 1p1




Cabling of virtual pure braids

Let VP, = {V P, },>1 be the set of virtual pure braid groups.
Define the face map:

di VP, — VP,_1, 1=1,2,
what is the deleting of the ith strand.
Example:

.o,
1 2 3 1 2 3 1 2
é( | <<
_— p—
B Bdy
=] 5 = E E DA




Cabling of virtual pure braids

Define the degeneracy map:

S; - VPn — VPn+1,
what is the doubling of the ith strand.
Example:

1=1,2,...,n,

B Bsa

=




It is not difficult to see that we have the simplicial group
VAP,

2 VAP, 2 VAP, 2 VAP,
where VAP, =V P,41.
Proposition

V AP, is contractible, i.e. m,(VAP,) =0 for all n > 1.




Simplicial subgroup T}

Define a simplicial group T\ = {7}, },>0 that is a simplitial subgroup of
V P, and is generated by A12 and Ao1:

T

=T,=T =Ty,
where T,,, n =0,1,..., is defined by the following manner

Qj5 = Sn -

To =A{et, Ti =VP, Thpr = (s1(Tn),s2(Tn) - snt1(Th))
If we let a11 = A2, b11 = Ao1, and

5i...s1a11, bjj = sp...5;...51b11,
Then

1+j7=n+1.
T, = (ans, by = k+1



Presentation of T,

Problem

Find a set of defining relations for T,,, n = 2,3, ...

DA
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Decomposition of V P3

Put ¢;; = b;ja;;. 1t is not difficult to see that ¢;; € P

The group V P; is generated by elements

Theorem [V. B., R. Mikhailov, V. V. Vershinin and J. Wu, 2016]
C11,

a11,
and is defined by relations

az1, @12, €21, C12
11
Ao = a21,

C11 __
Co1 = C21,

1 1
c11 __ 512‘32_11 €11 _ 02_11
i e. VP3 = <T2, 011> * <a11>, <T27C].1> = T2 >\ <C11>' y
. = = = = ©Hac
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la21, a12] = [ca1a57 , c12a15] =1,




T,, is infinitely presented for n > 1

As a corollary of the previous theorem we have
Corollary

T, =

(a91, a2, ba1, bi2) is defined by infinite set of relations

[as1, a12) Mt = [bor, bio]Tt = 1, k€ Z
that are equivalent to

a5t afi7) = o3t

21 » 012]_1

keZ




Groups V P, as HNN-extension

Proposition [V. B., R. Mikhailov, J. Wu, 2018]
V P, is the HNN-extension with the base group

G4 = (c11,a21, a12, 21, C12, 31, A22, @13, b31, bag, b13)

associated subgroups A and B and stable letter a1, G4 is defined by
the following relations (here e = £1):
1) conjugations by ¢§,

i1 i1 iaCar i1 Cor
Ui =5 02168 N G ias Aop s Co e o1l 012 =C12
iy 1y iy i3Ca C11
Q31 = a31, G9y = G22, A13 = G13 , bstt = b3,
c§ EaCop
B = by, B = b5




2) conjugations by 5,

a§§11 = asi, aggl = a;§220§f’ agl = ai%cgf’ b31 = bau,
b;%l _ b352263_1€7 bc21 _ b022’331
3) conjugations by ¢j,
a;ﬁf = ag1, aigz — afi%?,cgf, b012 = bsy, bcl2 —_ biZBC?TlE,
ags = aiy 631%_301_31022@22[021701_21]7 058 = [era, ¢l lary ™ amafy
B = b5 P asbrs® Plear, el bR = [cra, el basbiy % B

4) commutativity relations

[a21, a12] = [as1, aze] = [as1, a13] = [aze, a13] =1,

[cara)t, c12a5)] = [b31, baz] = [bs1, b13] = [bag, b13] = 1.




Presentation of T3

Theorem [V. B., R. Mikhailov, J. Wu, 2018]
The group

T3

is defined by relations

(as1, a2, a1z, bz1, bz, bi3)
k —m
[a31,a2 Lov ] — [a31,a1§3622 C31 ] [a;222031
[bg 6022031 ]
where k, m € Z

k .m—
,a

[bg b¢13022 kc31 ]

—m
C13C22  C31 ] -1

- )
Kk m—k —
b022c31 bclscgé v -1
[b 13 ]=1
o = E E T 9ac
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Lifting defining relations of V' P, to V P, 41

Let n >4 and RY (n) denote the defining relations of V P,. By
applying the homomorphism s;: VP, — VP,,1 to RV (n) , we have the
following relations

5¢(Aij)st(Art) = s¢(Aw)se(Aij)
St(Aki)St(Akj)se(Nij) = se(Nij)se(Aj)se(Aki)

in VP41 for 1 <i,j,k,1 <n with distinct letters standing for distinct
indices, which is denoted as s;(R" (n))



Lifting theorem

Theorem [V. B., R. Mikhailov, J. Wu, 2018]

strand in the end. Then

Let n > 4. Consider V P, as a subgroup of V P, 1 by adding a trivial
n—1

RY(n) U | si(RY (n))
i=0
gives the full set of the defining relations for V P, ;.




Presentation of T},

Corollary [V. B., R. Mikhailov, J. Wu, 2018]
The group T, n > 2 is generated by elements

i n+1—i, bi,n+l—i7 1= 17 27 cey N,

and is defined by relations

k1 ko kp—1
C17CH7...C
[ai,n—i-l—i,aj,n—i—l—j] = =He=is1

k1 ko kn—1
Ci7Co%...C
[bi,n+1—i7bj,n+1—j] =2 n—l,l,

where 1 <1i# j <mn, k; € Z.
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Thank you!

Hao



